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Abstract: This article uses basic homological methods for evaluating examples of compactly supported co- 
homology groups of line bundles over projective curve. 



1 Introduction 

Compactly supported cohomology groups play a key role in complex analysis. Vanishing properties are related to 
solvability of d problem as well as analytic continuation problems and l^). This article uses the Kiinneth 
formula and the additive property for finding examples of compactly supported cohomology groups. The additive 
property requires the definition of the inverse image of a sheaf, which is shorty explained in subsection \1.3[ 



O , Compactly supported cohomology groups of C} , C*, \ {(0,0)} and E^i are evaluated in subsection \2.1\ and 
■ of Ek, the line bundles owerP^ , in subsection \2.'2\ An example of a trivial bundle over . 
formula in place of the additive property, is presented in subsection 



1.1 Definitions and Properties 

Definition 1.1 (Compactly supported Dolbeault cohomology groups) Compactly supported Dolbeaut 
cohomology groups of the domain D are the complex vector spaces: 

Sf'^{D) {d- closed forms with compact support of bidegree {p,q) in D} 
{d- exact forms with compact support of bidegree {p, q) in D} 

The following theorem shows the relationship between compactly supported cohomology groups and compactly 
supported Dolbeault cohomology groups. 

Theorem 1.1 (Dolbeault's Theorem, |[3]) If D is an open domain in the space of n complex variables, 
is the sheaf of germs of holomorphic functions on D, andf)^''^(D) is compactly supported Dolbeault cohomology 
group of bidegree {p, q) for D. Then H^{D, ff) = S^l^'i{D).l 

An alternate definition can be found in f^. Note that if X is a compact manifold then H^{X,i^) — 
F"(X, 0) fr all n = 0,1, 2,.... 

In particular, II^[X,6') = S^^^''^[X) denotes (a linear space of) global holomorphic functions on X with 
compact support. Note that 

if X is noncompact, 
C if X is compact. 



H^AX,(?) 



In particular, II^{X, 0^ = Sfl-:^(X^ can be seen as follows, where lo has a bidegree (0, 1); 

{lu with compact support such that dw = 0} 



H',{X, 0) 



{uj with compact support such that df = uj for some f with compact support} 

1.2 The Kiinneth Formula 

The following exact sequences are obtained for each n separately. 
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Theorem 1.2 If X and Y are locally compact Hausdorff spaces, with the sheaves ^ and ^ respectively and 
^ * 'i^ ~ 0, then the sequence 

p+q=n p+(j=n+l 

is exact. 

Here * denotes the free product. Note if one of the factors is torsion free then the free product is 0. 

1.3 The additive property 

Compactly supported cohomology groups have all properties of a cohomology theory. The "additive" property, 
broadly used in the further part of the research, requires the notion of the inverse image of a sheaf. 

Definition 1.2 (Inverse image) Let f : A ^ B be a map and let be a sheaf on B with canonical 
projection tt B. The inverse image sheaf f*'S is defined as 

r^^ = {(a,g)e Ax^:/(a)=7r(g)}. 

In particular, if f is a closed embedding, the following theorem holds. 

Theorem 1.3 ( \10l III. 7. 6) Let i :Y X be a closed embedding, then the following sequence 
...^ H^{X \Y,^)^ H^{X, JT) ^ H^{Y, i*^) H1+^{X \ F, JT) ^ . . . , 

is exact. | 

2 Examples for the Additive Property 
2.1 Removing a point 

Let us find compactly supported cohomology groups of using the representation = U {cxd} 

Example 2.1 Since = U {oo], then X = ¥^ , Y = oo and X \ Y ~ implies the following exact 
sequence: 

^ H^{C}, e) H^(P\ 6') H°{{oo},i*ff) H^{C^, G) 

(1) 

H^{F\^) H^{{oo},i*^) ^0. 
Since H^{C^, = 0, iJ^({oo}, i*ff) = 0, and H^{P^, — C, the exact sequence can be written as follows: 

^ C ^ H°{{oo},i*G) ^ Hl{C^,G) 0. 

We need to find {{oo} , i* G) . In particular, the sheaf i* is simply &xl (^x\Y } since the point Y = {oo} is 
closed in X. The global functions at oo with coefficients in GyijG^i are those convergent series at oo, which 
are in a neighborhood of oo, so they are the germs of holomorphic functions of one variable at oo. The 
exact sequence gives II^(C^, (?) = {{oo} , i* / C in this sense, that two germs f and g represent distinct 
elements of the group if /(oo) ^ 5(00). In other words: 

Hl{C\i7)^{Y^a,z\a,eC}, 

i<0 

where the series converges at infinity. 

A similar procedure can be applied to _ff^(C*, ^). 



2 



Example 2.2 Note that = C* U {00} U {0}. We could equivalently use = C* U {0} and relate to the 
previous result. The additive property provides the following exact sequence: 

^ F°(C*, ff) ^ iJ°(P\ ff) ff°({0,oo},r^) ^ HliC*, G) ^ iI,i(P\ G) ^ iil{{^,oo\,i*e) ~> 0. 

After applying H^{C*,G) = i?i(P\^) ^ H^{{0,oo},i*ff) = and H^{¥\G) = C, the exact sequence 
simplifies to: 

^ C ^ H^{{0, 00}, i*G) ^ H}{C*, G) -> 0. 
Since iJ^({0, 00}, i*^)/C consist, we have 

Hl{C\ G) = a,z', a, e C} ® 6^ G C}, 

i<0 i>0 

where the series converge in a neighborhood of 00 and 0, respectively. 

Example 2.3 The group H*{C'^ \ {(0,0)},^) can be found from the additive property. Let X = C'^ and 
Y = {(0,0)}, then 

-> Hl(p \ {(0, 0)}, ^) ^ i7,"(C2, ff) ^ i70({(0,0)}, i*e) ^ Hl{C \ {(0,0)}, ^) ^ 

ffi(c2, e) ^ iji({(o,o)},i*^) ^ HliC' \ {(0,0)}, ^) ^ ff,2(c2, ^) ^ 0. 

T/ie only nontrivial groups remain: 

^ i?°({(0, 0)}, z*^) ^ H\{^^ \ {(0, 0)}, ^) -> 

i7,i(C2 \ {(0,0)}, e) = i7°({(0,0)},z*^) = { a,,z^w\a,, G C}, 

i,i>0 

where the series converges in some neighborhood of (0,0). 

We will start with a basic example of a line bundle over 'F^ . 

Example 2.4 Using the fact that E^i = P^ \ {p}, we can evaluate compactly supported cohomology groups of 
E^i. The additive property gives the exact sequence: 

^ -ff°(^-i, ^) ^ -ffc (IP^ ^) ^ ({p}, i*^) H^{E-i, ff) -> ^^,l(P^ ^) 

ffi({ri,**^) ^ H^iE^i, ff) iJ2(p2, ^) ^ 0. 
Since P^ is compact i?i(p2, ^) = ij2(p2^ ^) = anrf H^(F'^, 6) = C. T/ien the sequences converts to: 

^ i/°(P^ ^) ^ i?°({p},z*^) ^ HliE^u ^) ^ 

and 

^ Fi({p},i*^) ^ i72(£;_i, ^) 0. 

Since H}.({p},i* ff) = because of dimensional reasons, we obtain that H^{E^i, 6) = 0. The preceding exact 
sequence proves that H^{E^i, ~ H^{{p},i*ff)/C, which in the terms of convergent series can be written 
as: 

HliE^,, an,^zV,a„,-^ G C}, 

(n,m)>(0,0) 

where the series converges near (0,0) in the local coordinates. 
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2.2 Removing a Projective Curve 

The total space of the line bundle Ek with k Eli consists of two coordinate patches Xi ~ and Xi ~ with 
coordinates (zi, Wi) and {z2, W2) respectively, related on Xi 0X2 according to the rule zi = and wi = Z2W2- 
It is a well known fact that H^{Ek, ff) = for k > 0, nevertheless, we will present how to obtain this result 
using the additive property. 

In the previous section we found compactly supported cohomology groups of E^i using the representation 
E^i = \ {p}, since can be obtained by removing a point from the projective plane. This is not true for 
other line bundles overP^. We will consider the Hirzebruch surfaces and the representation E^k = -y^kX^^ ■ 
The Hirzebruch surface consists of four coordinate patches Xq, Xi, X2, X3, ~ with {zj,Wj) G Xj and 
the transition functions described below: 



Zl = 


1 

Zo' 


Wl 


z^wo 


Z2 


= Zl, 


W2 


1 

Wl 


Z3 = 


1 

Z2 


W3 = 


= Z2''W2 


Z3 


= Zo, 


W3 


1 

Wo ■ 



Let Yj ~ P and let us denote ij : Yj with the following order: 

X pi = .M \ Yo 

E^k = -M \ Yi 
X pi = M \ Y2 
Ek = ^4 \ Y3 

Here Yq is a a projective curve in Xq U X3 described by equations zq ~ and z^ — 0. If fo{z3, W3) G i^i^ then 
on XqDXs: 

0(23,^3)= > a„,,„Z3Ui3 = > an,m.Zo—^, 

IVn 

{n,rn)>{0,0) (n,vi}>{0,0) " 

which proves that m = so f does not depend on W3 and 

fo{z3,W3) = ^a„Z3. 

n>0 

Thus H^{Yo,iQ£^) ~ {X]ri>o ''"■^3 ' ^ '^i' where the series converges in a neighborhood of zo = 0. The 
following exact sequence 

^ H^"(P1 xC\ff)~^ H^{M, e) Hl{Yo,il0) i?i(pi X C\ ^) -> H^iJfk, 0) 

H^iYo,i*o&) ^ i/2(pi X C\ ^) -> H^iM: ^) -> 
can be simplified to the sequences: 

^ H°{.M, H^{Yo,i*Q^) H^iF^ x C\ ^) 

and 

-> i72(pi X C\ ^ H^{Mk, ^) 0. 
Then iJi(pi X C\ ff) = a„zj, a„ G C} and H^{F^ x C^, ^) = 0. 

Tl>0 
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Note that Yi is a projective curve in Xq U Xi described in the local coordinates as wq — and wi =0. // 
/i (zi , ti'i ) G i^i^ then on Xq Cl Xi : 



(n,m)>(0,0) (Ti,m)>(0,0) ° (n,m)>(0,0) 



(fem-n) m 
"^0 ; 



which shows that km — n > 0. Thus H^{Yi^i\6') = { an.mZiW™ : /cm — n > 0, a„_m G C}. T/ie 

(ri,Tn)>(0,0) 

following exact sequence 

can he simplified to the sequences: 
and 

^ ^) ^ ^) ^ 0. 

Thus H^E-k^ff) ^ { an^mZiw'^" ■.km-n>{),an,m^C} andHl{E_k,^) = Q- 

(n,m)>(0,0) 

Computations for Y2 (that is a submanif old in X1UX2) are similar to those for Yq and overall H^{Y2,i 2^) = 
{Sn>o'^"'^"' " ^ ^J"' '"''*6re t/ie series converges in a neighborhood of zi = 0. 

A'^ote t/iai I3 is a projective curve in X2 U described in local coordinates by W2 ~ and W3 = 0. If 
fsizs, W3) 6 il^ then on X2 D X3: 



f3{z3,W3)= ^ fln.mZ" = ^ An.m (^2 '''^2) " = ^ 

(n,7Ti)>(0,0) (n.m)>(0,0) ^ (n,m) > (0,0) 



(-fcm-n) m 



which shows that —km — n > that is possible only for m = n = 0. Thus H^{Y2, i2^) ~ C. 
The following exact sequence 

can be simplified to the following: 

^ e) ^ i7°(r3,*3^) i^e(^^fe, ^) ^ 

^ ^) ^ ff) ^ 0. 

r/ien F^H-Efc, ^) = C/C = and Hl{Ek, iff) = 0. 



5 



2.3 Example for the Kiinneth Formula 

This section contains an example of a surface x C"'^. 

Example 2.5 Let us find Hl(P^ x C^, ^) for i ~ 0, 1, 2 using the Kiinneth formula for products. Recall the 
following groups H^{F\^) = C, H^iP\ff) = 0, H°{C\^) = and H^{C\ff) = {Es>o a''^"' ^ '^l- 
Then the Kiinneth Formula for x gives the following for the first cohomology group o/P^ x C^; 

p+q=l p+q=2 

which converts to: 

^ i7^^(C\^)0H°(P\^) Hl{C^ xP\€?) ^ Hl{iC^,e)* Hl{P^,&) -> 0, 

and gives H^{C^ x P^, i?) ~ H^{C^, ff) = {X]s>o '^s-z*' and the series converges in a neighborhood o/O}. Sim- 
ilarly for {C^ x P\ iff ) : 

^ Hl{C\ 0) ® i?,^(P\ 0) Ul(£} X P\ ^ 0, 
which gives H'^{C^ x P\ i^) = 0. 
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